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1. Let f : (a,b) — R be continuous and f(*%3¥) < w Vx,y € (a,b).
show that f is convex.

solution: Let f is not conves then there exist ¢, d € (a,b) ¢ < d and a
t € (0,1) such that

Flte+ (L= t)d) > tf(c) + (1= 1) f(d) (1.

Define p(z) = f(z) — %(z —¢) — f(a). Then p(a) = p(b) = 0 we can
calculate using (1) and show that

p(te+ (1 —1)d) > 0.

Therefor we have v = sup,¢(..q ¥(z) > 0, Let 2o = inf{u € [c,d] : p(u) =7},
since ¢ is continuous ¢(xg) =y > 0, 3 h > 0 such that p(c £ h) > 0 and

cEh € (c,d). we also have p(*¥) < w. Now
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we have contradiction. O

2. Let {f.} be a sequence of maps from R to R which is equicontinuous
and uniformly bounded. Prove that there is a subsequence { f,,,} which con-
verges pointwise to a continuous function on R.

Solution: Arzela-Ascoli theorem. ]

3. Let {f.} be a sequence of continuous functions from R to R which is
pointwise bounded. Prove that for any a < b the interval contains an open
interval on which the sequence is uniformly bounded.

Solution: Let A,, = N, f,*[—=m,m| then A,, is closed. Since f, are point
wise bounded we have
R=U,A,.



Now thanks to Baire-category one of A,, will contain a open interval so we
are done. [

4. Let f(x) = |sinz| write down the fourier series of and prove that it
converges to f at every point at every point.

Solution: |sin x| is Lipschitz continuous, so by 8.14 Theorem of rudin fourier
series converges. Compute a,, b,. O

5. Let f(c) =Y 2 yanc” for all ¢ € C with |¢] < 1 where {a,} is sequence of
complex numbers such that {n?a,} is bounded. Show that f(c) = 0 when-
ever |¢| =1 implies f(c) = 0 for all ¢ € C with |¢| < 1.

solution: |f(c)| < MY, -5 < oo for || < 1. Therefor f is analytic now use
Uniqueness theorem. O

6. Prove that cos = 23777 (2SB20L §f ) < 3 < 7.
Use 2sina cosb = sin(a+b)+sin(a—b) and cos a cosb = cos(a—b) —cos(a+Db).
Now we will get a, =0, n > 0 and
2 [T )
b, = —/ cos x sinnxdx =
0

™
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Hence the result.



